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The left-handed properties of metamaterials with saturable nonlinearity are analyzed with respect to their
electromagnetic response as a function of externally varying parameters. We demonstrate that the response of
the medium is strongly affected by the saturation of the nonlinear effects. The last can be exploited to modulate
the amplitude or tune the frequency of the response. Moreover, the existence of bistability regions in large parts
of the external parameter space allows for switching between different magnetization states, with either posi-
tive or negative response. The stability issue of multiple possible states is addressed through modulational
instability analysis of plane wave envelopes in each of those states.
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I. INTRODUCTION

The development of artificially structured, composite ma-
terials �metamaterials� has substantially extended the range
of possible electromagnetic �EM� responses that can be ob-
tained by naturally occurring materials. The first demonstra-
tion of such a metamaterial at microwave frequencies
showed negative refraction index in a narrow frequency band
�1�, in accordance with earlier theoretical predictions �2�.
Negative index materials, which require simultaneously ef-
fectively negative dielectric permittivity �ef f and magnetic
permeability �ef f, are also known as left-handed metamate-
rials �LHMs� �3�. Recent experiments demonstrated that the
above requirement can be attained up to optical frequencies
�4�, which include the technologically relevant terahertz
�THz� frequency regime. Most of the experimentally studied
LHMs are made from periodic arrays of split-ring resonators
�SRRs� and metallic wires.

Naturally, the theory of LHMs has been extended to ac-
count for nonlinear effects. A concise analytical framework
for the nonlinear behavior of LHMs has been recently pro-
posed, either by embedding the SRRs in a nonlinear dielec-
tric �5,6�, or by inserting certain nonlinear elements in each
SRR slit �7,8�. Both ways lead to effectively field-dependent
values of �ef f and �ef f. In addition, dynamical tuning of
LHMs is achieved by inserting the nonlinear material in SRR
slits �9�. The same effect is obtained through developing the
metal structures of LHMs on nonlinear photorefractive crys-
tals �10,11�, as GaAs and LiNbO3, which feature a saturable
nonlinearity. Nonlinear effects are also apparent from the de-
tection of second harmonic generation in SRR-based mag-
netic metamaterials on a glass substrate �12�. Moreover, the
existence of nonlinear excitations such as discrete breathers
and solitons in nonlinear metamaterials has been suggested
�13–15�. In the present work we address the properties of
LHMs with saturable nonlinearity.

II. EFFECTIVE PERMITTIVITY AND PERMEABILITY

We consider a two-dimensional �2D� metamaterial of cir-
cular SRRs with round cross section and long wires. The

SRRs, with average radius a and cross-sectional diameter h,
are arranged in a tetragonal lattice of constant d. The wires
are located in the middle of the SRR rows, so that they form
a lattice with period d. For simplicity we assume that they
have only one slit of width dg. Each SRR can be viewed as a
small LC-oscillator circuit, where L and C are the SRR in-
ductance and capacitance, respectively, having an inductive-
capacitive resonance at a specific frequency �0�1 /�LC. In
the following we adopt the description �and notation� in Ref.
�5�, thus summarizing the essentials of the theory in a self-
contained manner, omitting unnecessary details. Assuming
that all metallic components are embedded in a nonlinear
dielectric, the SRRs acquire a nonlinear capacitance C due to
the dielectric filling their slits. Then, �ef f is of the form

�ef f = �D��E�2� − �p
2/���� − i���� , �1�

where �p is the effective plasma frequency, �� is the dielec-
tric loss coefficient, � is the frequency of the carrier wave,
and �D��E�2� is the intensity-dependent part of the effective
dielectric permittivity of the embedded dielectric �5�.

In our study the photorefractive dielectric is embedded
where the refractive index grating is generated via the
electro-optic effect �16� �a second order �2 effect�. The char-
acteristic response time in the presence of the electro-optic
effect and related phenomena allow us to consider the pho-
torefractive material as “slowly” responding, which allows
introduction of the slowly varying wave envelope approxi-
mation for modeling the propagation of low and medium
intensity laser beams.

The �D��E�2� of the photorefractive dielectric is a nonlin-
ear function of the electric field intensity whose nonlinear
part can be of the saturable type �17�

�D��E�2� = �D0 + �
�E�2/Ec

2

1 + ��E�2/Ec
2 , �2�

where �D0 is the linear dielectric permittivity, Ec is a charac-
teristic electric field, �= +1 �−1� for focusing �defocusing�
nonlinearity, and � is the saturation strength. That type of
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nonlinearity has been employed extensively in discrete non-
linear Schrödinger equation models for the study of nonlin-
ear excitations in photorefractive crystals �18–20�. Then, �ef f
can be written as

�ef f��H�2� = 1 +
F̂�2

�0nl
2 ��H�2� − �2 + i��

, �3�

where F̂=2	2a3 / �c0
2d2L� is a filling factor �with c0 being the

light speed in vacuum�, �H�2 is the magnetic field intensity of
the applied EM field, � is the magnetic loss coefficient, and
�0nl��H�2� is the field-dependent resonant SRR frequency,
due to the SRR field-dependent capacitance. The latter is
given implicitly in terms of �H�2 and � by

�H�2

Ec
2 = A2 �1 − X2���
2 − X2�2 + �2
2�


2X4��� + ��D0�X2 − ��D0�
�4�

where A2=�D0
3 h2�0

2 /c0
2, and the following relations were

used: X=�0nl /�0, 
=� /�0, �=� /�0. Equation �4� reduces
to the corresponding expression for the previously investi-
gated cubic nonlinearity for �=0 �5�.

A. Phase diagrams

Equations �3� and �4� reveal that the magnetic �dimen-
sionless� resonance frequency X��H�2� is a multivalued func-
tion of �H�2, leading to multiple possible magnetization states
�MSs� for the metamaterial. The magnitude and the phase of
those MSs with respect to the applied field can be such that
the total magnetic response may be either positive or nega-
tive, which corresponds to either positive �right-handed
property, RH� or negative �ef f �left-handed property, LH�,
respectively. By varying the external field and/or its fre-
quency, the metamaterial may switch between two different
stable MSs, corresponding to different magnetic responses
�positive or negative, with positive or negative �ef f, respec-
tively�. For simplicity we comment on the case with ne-
glected magnetic losses ��=0�, so that there are either one or
three MSs.

In order to obtain global information for the multiplicity
of the magnetic response and its sign as a function of the
externally varied parameters �H�2 and 
 we have constructed
phase diagrams like those shown in Fig. 1. In Fig. 1�a� there
is a region with one single negative response state �NRS�
which, surprisingly, appears for 
�1.2 and its width in-
creases with increasing �H�2. It is remarkable that for the
highest shown value of �H�2 that region extends beyond 

=1.4. There are also large regions with single positive re-
sponse states �PRSs�, as well as smaller regions where three
generally different magnetic response states coexist �see cap-
tion of Fig. 1�a��. Similarly, in Fig. 1�b� is shown a region
with one single NRS located around the linear resonance
frequency ��1�. Its width is slightly decreasing with increas-
ing �H�2. That region is surrounded by regions where a single
PRS exists. There are also smaller regions where three gen-
erally different magnetic response states coexist. As an illus-
tration, �ef f is plotted as a function of �H�2 for several values
of 
 ��=−1� in Fig. 2. The case with only one PRS is shown
in Fig. 2�a�, while the example of the passage from a region

with one PRS to one NRS is illustrated in Fig. 2�d�. Gener-
ally in cases with a negative NRS, the metamaterial is the
LHM proposing negative �ef f.

The passage from a region with multiple states to another
with only one state �or vice versa� occurs through bifurca-
tions at specific parameter values of �H�2 and 
, as shown in
Figs. 2�b� and 2�c�. In Fig. 2�b� the system passes from a
region of three possible MSs to a region with one MS with
increasing �H�2 �
=1.2�. In that specific case, the magnetic
response of the metamaterial changes abruptly, with a jump
from one branch of �ef f to another at the bifurcation point
which is located on a boundary in the corresponding phase
diagram. Notice that here the multistability region is limited
to rather low fields �H�2. In Fig. 2�c� the metamaterial passes
from a region of one MS with negative response to a region
with three possible MSs, all of them with negative responses
�LHM� which, however, differ in magnitude, with increasing
�H�2. In that case, the state of the system changes continu-

0.0 0.0025 0.005

|H|
2
/E

c

2
0.0025 0.005

|H|
2
/E

c

2

1.0

1.2

1.4

(a)

(a)

�

0.8

1.0

1.2

1.4

(b)

(b)

FIG. 1. Phase diagram in 
- �H�2 space showing the multiplicity
of MSs in a metamaterial with saturable nonlinearity and the sign of

the magnetic response: A=0.32, �D0=3, F̂=0.4, �=1, and �a� �=
−1; �b� �= +1. White: one negative MS; black: one positive MS;
dark gray: one positive–two negative MSs; dark gray with pattern:
one negative–two positive MSs; light gray: three negative MSs;
light gray with pattern: three positive MSs.
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FIG. 2. Real part of �ef f vs �H�2 /Ec
2 for a metamaterial with

saturable nonlinearity, with �=−1, A=0.32, �D0=3, F̂=0.4, �=1,
and �a� 
=1.01; �b� 
=1.2; �c� 
=1.25; �d� 
=1.35. The solid
and dashed curves �or empty and filled circles� depict stable and
unstable states of the SRR system �5� for �=0 �or �=0.05�,
respectively.
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ously, when crossing the boundary to enter into the multista-
bility region. Similar remarks also hold for Fig. 3, where �ef f
as a function of �H�2 is plotted for several values of 
 and
focusing nonlinearity ��= +1�.

The real and imaginary parts of the effective magnetic
permeability versus the magnetic field intensity in the pres-
ence of the structure losses are illustrated in Figs. 2–5. In
general, both of them behave according to Ref. �5�. It is
worthwhile to stress two points. The first one is that the
structure losses are the most effective in the field region with
multiple �ef f roots �in the case �=0�. There is an indication
that in increasing � the multiplicity regions shrink �Figs. 2�b�
and 3�b�� which may lead to the shrinking of the regions with
the left-handed properties. The second point is the possibility
of controlling the imaginary part of �ef f which determines
the losses by a proper choice of the intensity of the external
magnetic field �Figs. 4 and 5�. These two features may be
important for the future applications of left-handed materials.

B. Cubic vs saturable nonlinearities

Comparison between the phase diagrams for metamaterial
with the same parameters but different forms of nonlinearity
reveals in some cases distinct differences. A typical example
of a self-defocusing structure is illustrated for cubic �Fig.
6�a�� and saturable �Fig. 6�b�� nonlinearities. There are obvi-
ous differences, especially for high fields, where for the satu-
rable metamaterial the region of a single NRS seems to be-
come wider with increasing field. The corresponding LH
region for the cubic metamaterial is missing. As noted above,
the negative response in the case with saturable nonlinearity
appears at rather high frequencies with respect to the linear
magnetic resonance. In each of Figs. 6�a� and 6�b� there are
also smaller regions at low fields, where multiple magnetic
response states exist. The most important are the regions
with two PRSs–one NRS and two NRS –one PRS in Fig
6�a�, as well as the regions with three NRSs and two NRSs–
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one PRS in Fig 6�b�. Another typical example for a self-
focusing metamaterial for both nonlinearities is shown in
Figs. 6�c� and 6�d�. For saturable nonlinearity �Fig. 6�d��, the
region of one NRS is located around the linear resonance
exhibiting rather large width, which is approximately con-
stant and within the same frequency band for high fields. In
contrast, for cubic nonlinearity �Fig. 6�c��, the region of one
NRS, while it retains its width with increasing field, moves
gradually to lower frequency bands well below the linear
resonance. In this case there are also other qualitative differ-
ences, with the most important being the large multistability
region at the lower-left corner of Fig. 6�c�, which is absent in
Fig. 6�d�.

III. STABILITY

To assess the stability of the various magnetic response
states, i.e., to clarify whether they are capable of supporting
EM wave propagation in the metamaterial, we need to per-
form rigorous stability analysis. As a rule, the stability analy-
sis of the SRR structure �5� shows in cases with one MS the
stability of the only MS. In the multistability regions, with
three generally different MSs, only two of them are simulta-
neously stable, leading to magnetization loops with varying
fields.

The propagation of EM waves in the media under consid-
eration is governed by Maxwell’s laws. However, with re-
spect to the characteristics of the photorefractive media �Sec.
II A� the nonlinear modulation of propagating wave ampli-
tudes can be described by two coupled nonlinear
Schrödinger �NLS� equations, as is already shown for cubic
nonlinearity �21�. For saturable dielectric nonlinearity, the
complicated field dependence of �ef f in Eq. �3� can be de-
scribed by an expression of the form

�ef f = � + �NL, �NL = �
�H�2/Ec

2

1 + �H�2/Ec
2 , �5�

where � and �NL are the linear and nonlinear parts of �ef f,
respectively. The parameter � and the coefficients �,  can
be obtained in each specific case by fitting numerically the
exact �NL to Eq. �5�. The last equation is appropriate for
fitting the �ef f resulting from both saturable and cubic di-
electric nonlinearity, up to very high fields, while the fitting
with modified Eq. �5� with cubic magnetic nonlinearity is
limited to very low fields. A typical example is shown in Fig.
7, where �ef f fits fairly well with the saturable expression for
magnetic nonlinearity given by Eq. �5�. Assuming that �ef f
and �ef f, given by Eqs. �1�, �2�, and �5�, respectively, are of
second order, we can obtain by reductive perturbation of the
corresponding Maxwell’s equations �21� a pair of coupled
saturable NLS equations for the propagation of EM waves in
a saturable medium

i
�E
�T

+ P
�2E
�X2 + Q1

�E�2E
1 + ��E�2

+ Q2

�H�2E
1 + �H�2

= 0, �6�

i
�H
�T

+ P
�2H
�X2 + Q1

�E�2H
1 + ��E�2

+ Q2

�H�2H
1 + �H�2

= 0, �7�

where E, H are the slowly varying field amplitudes normal-
ized to Ec, P=���k� /2= �c2−�2� / �2�� �P�0�, Q1
=�c2�� / �2c0

2�, and Q2=�c2�� / �2c0
2�, with c=c0 /���

being the light speed in the medium. Equations �6� and �7�
support monochromatic envelope wave solutions of the
form 	E�X ,T� ,H�X ,T�
= 	E0 ,H0
exp�i
eT�, where 
e
� (Q1 �E0�2 / �1+� �E0�2�+Q2 �H0�2 / �1+ �H0�2�) is the �slow�
frequency of modulated field envelopes, E0 ,H0=const, and
X and T are the slow spatial and temporal variables, respec-
tively. Here it is worth noting that in Ref. �22� the ultrashort
pulse propagation in nonlinear left-handed media is de-
scribed by the generalized nonlinear Schrödinger equation
which was derived from the first principles. However, the
photorefractive materials are slow responding �16� and char-
acterized by the saturable nonlinearity which allows math-
ematical modeling in a slow envelope approximation �17�.

In order to study the stability of the above monochromatic
wave solution, we set E0→E0+�E1�X ,T�, H0→H0
+�H1�X ,T�, where ��1 and the perturbations E1 and H1 are
complex functions of 	X ,T
. From this point we follow the
procedure of Ref. �23�, and generalize the results for satu-
rable nonlinearity. Specifically, if the following criterion is
met:

k̃2 −
�c0

2

c2P
� ��E0

2

�1 + �E0
2�2 +

��H0
2

�1 + H0
2�2 � k̃2 −

�c0
2

c2P
K� � 0,

�8�

where k̃ and �̃ are the perturbation wave number and fre-
quency, respectively, then the propagating EM wave will be
modulationally stable. Since P�0, the EM stability profile
will essentially depend on K�. For LHMs, for which
�ef f ,�ef f �0, the stability of a wave on a specific MS branch
generally depends both on � ,� and the field amplitude and
frequency. More specifically, for the curves shown in Figs. 2
and 3, for � and � positive �negative� then the EM wave is
stable �unstable�, while for � and � having different signs the
stability of the EM wave depends in each case on the value
of �H�2.
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IV. CONCLUSIONS

We considered a 2D SRR-based LHM with saturable pho-
torefractive nonlinearity. The form of nonlinearity, i.e., satu-
rable versus cubic, can introduce significant quantitative dif-
ferences between the two cases. The negative response in the
case with saturable nonlinearity appears at rather high fre-
quencies with respect to the linear magnetic resonance. This
may be of technological importance, since recent efforts in
designing LHMs aim to increase their operating frequencies
to the THz frequency range with increasing their magnetic
resonance frequency. Thus, it seems possible to increase the
operating frequency of LHMs �i.e., the frequency band
where the magnetic response and thus � is negative� by
purely nonlinear mechanisms. It is also shown that the mag-

netic response with saturable nonlinearity fits fairly well for
both the cubic and saturable dielectric nonlinearities, up to
very high fields. Finally, here it is indicated that the structure
losses may act out in favor of the left-handedness.
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